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INTRODUCTION
Define a function u : Zn → C.
We define the inner product

〈u(k), u(m)〉 = u(k)u(m).

We say that u is unimodular if

〈u(k), u(k)〉1/2 = 1.

We define the autocorrelation Au(m) of u
for m ∈ Zn as

Au(m) =
1

n

n−1∑
k=0

〈u(m+ k), u(k)〉.

We say that u is a CAZAC (Constant Am-
plitude Zero Autocorrelation) sequence
of length d if it is unimodular and if it
satisfies Au(m) = 0 for all m ∈ Zn \
{0}. CAZAC sequences are defined to
be equivalent under rotation, translation,
decimation, linear frequency modulation,
and conjugation.

HADAMARD MATRICES
As defined in Benedetto and Datta, a
complex Hadamard matrix is a square
matrix with unimodular entries and mu-
tually orthogonal rows. Benedetto and
Datta further showed there is a 1-1 cor-
respondence between CAZAC sequences
and circulant Hadamard matrices.

PREVIOUS RESULTS
Using the characterization of 3 × 3
Hadamard matrices as documented by
Bruzda, Tadej, and Źyczkowski, we have
that all 3×3 complex Hadamard matrices
are equivalent to

F3 =

1 1 1
1 ω ω2

1 ω2 ω

 ,

where ω = e2πi/3 and equivalent means
that they can be written as D1P1F3P2D2

where P1 and P2 are permutation matri-
ces and D1 and D2 are diagonal unitary
matrices.
For 5 × 5 matrices, using some results by
Haagerup, all 5 × 5 Hadamard matrices
are equivalent to

F5 =


1 1 1 1 1
1 ω ω2 ω3 ω4

1 ω2 ω4 ω ω3

1 ω3 ω ω4 ω2

1 ω4 ω3 ω2 ω

 ,

where ω = e2π·i/5.
Classifying n× n Hadamard matrices for
arbitrary n is an open problem. The
catalogue maintained by Bruzda et al.
only contains entries for n ≤ 16. Ac-
cording to Bengtsson, this problem has
been open for about 100 years, but only
a few facts are known about arbitrary
Hadamard matrices; for example, that the
Fourier matrix exists for all n.

PREVIOUS RESULTS, CTD.
Letting

A =

eia 0 0
0 eib 0
0 0 eic


and

B =

1 0 0
0 eix 0
0 0 eiy

 ,

and

F ′3 =

1 1 1
1 ω2 ω
1 ω ω2

 ,

where a, b, c, x, y ∈ [0, 2π) and ω = 2πi
3 ,

Bruzda, Tadej, and Źyczkowski further
claim that the set of 3× 3 Hadamard ma-
trices is

{A · F3 ·B} ∪ {A · F ′3 ·B}.

RESULTS
Using the first form in the characteri-
zation of 3 × 3 Hadamard matrices by
Bruzda et al., and imposing conditions to
make the matrix circulant, we obtain the
following equations, all mod 2π:

a = 2π
3 + b+ x = 2π

3 + c+ y
c = (a+ x) = 4π

3 + b+ y
a+ y = b = 4π

3 + c+ x

We simplify this further to the following
equations (still mod 2π),

a = 2π
3 + b+ x

c = 2π
3 + b+ 2x

y = 4π
3 + c+ x− a = 4π

3 + ( 2π3 + b+2x) +
x− ( 2π3 + b+ x) = 4/3π + 2x
b = c+y−x = ( 2π3 +b+2x)+(4π3 +2x)−x =
2π + b+ 3x.

RESULTS, CTD.
To solve this system of equations, we
need that 3x = 0 mod 2π, which means
that x is 2π/3. So, overall, we get x is
2π/3, b is indeterminate, a = 4/3π + b,
c = b, and y = 2π/3. Then, taking the
matrix product, we get a matrix with first
row eib(−(−1)1/3, 1, 1). The cube roots of
−1 are −1, eπ·i/3, and e−π·i/3, so we have
three possible CAZACs.
Working with the second form in the
characterization of 3 × 3 Hadamard
matrices similarly, we get the following
system of equations:

a = 4π
3 + b+ x = 4π

3 + c+ y
c = (a+ x) = 2π

3 + b+ y
a+ y = b = 2π

3 + c+ x

Solving, we get that x is 2
3π, b is arbitrary,

a = b, c = 2/3π + b, y = 1. The first
row of this circulant Hadamard matrix is
eib(1, (−1)2/3, 1), which also gives three
possible CAZACs.
In total, we obtain the following four
CAZACs: eib(−eπi/3, 1, 1)
eib(eπi/3 − 1, 1, 1)
eib(1, e2πi/3, 1)
eib(1, (eπi/3 − 1)2, 1).

DISCUSSION
Surprisingly, two of the first rows of the
matrices were not CAZACs. One would
also expect there to be 6 CAZACs of
length 3, based on work by Haagerup.
A similar approach makes sense to find
length 5 CAZACs. Bruzda et al. do not
have a special simplified characterization
for 5× 5 Hadamard matrices, so the work
is slightly more difficult.
It should be noted that in general, it
is not known how many CAZACs of
length p there are for arbitrary p, although
Haagerup showed that

(
2p−2
p−1

)
is an upper

bound on this number, and thus it is fi-
nite.

EXAMPLE

Define u : Z3 → C by u(0) = −eib+πi/3,
u(1) = eib, u(2) = eib. For short, we de-
note this as

u = eib(−eπi/3, 1, 1).

We see immediately that u is unimodular,
since multiplying ej by its complex con-
jugate gives 1 for any j.
To check that u has zero autocorrelation,
we compute: Au(1) = 1

3 (〈u(1), u(0)〉 +
〈u(2), u(1)〉+ 〈u(0), u(2)〉) = 1

3 (−e
−πi/3 +

1− eπi/3) = 0.
Also, Au(2) = 1

3 (〈u(2), u(0)〉 +
〈u(0), u(1)〉+ 〈u(1), u(2)〉) = Au(1) = 0.
Thus u has zero autocorrelation and is a
CAZAC sequence.


