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Overview

How do we combine variational inference and deep generative
modeling into a common algorithm?
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Latent variable model

X ∈ Rn is an observed
random variable

Z ∈ Rm is a latent random
variable

Directed probabilistic model

X |Z ∼ fX |Z (x |z ; θ)

Prior

Z ∼ fZ (z)

Posterior density
fX|Z (x|z;θ)fZ (z)∫

Rm fX|Z (x|z′;θ)fZ (z′)dz′
fX|Z (x|z;θ)fZ (z)

1
N

∑N
i=1 fX|Z (x|zi ;θ)
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Variational inference

What if we can accept an approximation of the true posterior?

R(φ, θ) = EθL(φ, θ)

L(φ, θ) = DKL

(
q(z |x ;φ)‖fZ |X (z |x ; θ)

)} q∗ = arg min
q∈F(φ)

R(φ, θ)



Variational inference

q∗ = arg min
q∈F(φ)

R(φ, θ)

= arg min
q∈F(φ)

Ex∼fXDKL

(
q(z |x ;φ)‖fZ |X (z |x ; θ)

)
= arg min

q∈F(φ)
Ex∼fXEz|x∼q log

q(z |x ;φ)

fZ |X (z |x ; θ)

= arg min
q∈F(φ)

Ex∼fXEz|x∼q log
q(z |x ;φ)fX (x)

fX |Z (x |z ; θ)fZ (z)

= arg min
q∈F(φ)

Ex∼fXEz|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)
+ Ex∼fX log fX (x)

= arg min
q∈F(φ)

Ex∼fXEz|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)



Variational inference

Variational inference objective function:

q∗ = arg min
q∈F(φ)

Ex∼f Ez|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)︸ ︷︷ ︸
Log Evidence Lower Bound

Relationship to autoencoders:

φ∗ = arg min
φ

Ex∼f

−Ez|x∼q log fX |Z (x |z ; θ)︸ ︷︷ ︸
encoding-decoding loss

+DKL(q(z |x ;φ)‖fZ (z))︸ ︷︷ ︸
regularization
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Gradient estimation

We want to use stochastic optimization techniques which require
only gradient evaluations:

∇φEx∼f Ez|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)

6= Ex∼fXEz|x∼q∇φ log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)

= Ex∼fXEz|x∼q∇φ log q(z |x ;φ)

≈ 1

NM

N∑
i=1

M∑
j=1

∇φ log q(zj |xi ;φ), xi ∼ fX , zj |x ∼ q



Direct computation

We can use the score method to form the gradient as an
expectation:

∇φEφg(x , φ)

= ∇φ
∫

g(x , φ)f (x ;φ)dx

=

∫
∇φ [g(x , φ)f (x ;φ)] dx

=

∫
(∇φg(x , φ)) f (x ;φ) + g(x , φ)∇φf (x ;φ)dx

=

∫
(∇φg(x , φ)) f (x ;φ) + g(x , φ) (∇φ log f (x ;φ)) f (x ;φ)dx

= Eφ [∇φg(x , φ) + g(x , φ)∇φ log f (x ;φ)]



Direct computation

This results in a ”high-variance” gradient estimator:

∇φEx∼f Ez|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)

= Ex∼fXEz|x∼q

[(
1 + log

q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)

)
∇φ log q(z |x ;φ)

]

≈ 1

NM

N∑
i=1

M∑
j=1


1 + log

q(zj |xi ;φ)

fX |Z (xi |zj ; θ)fZ (zj)︸ ︷︷ ︸
correction term

∇φ log q(zj |xi ;φ)

 ,
xi ∼ fX , zj |x ∼ q



Re-parameterization trick

Alternatively, we could use a change of variable to remove the
dependence of Ez|x∼q on φ:

∇φEx∼f Ez|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)

= ∇φEx∼fXEw∼f

(
log

q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)
◦ g
)

(w)

= Ex∼fXEw∼f∇φ
(

log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)
◦ g
)

(w)

≈ 1

NM

N∑
i=1

M∑
j=1

∇φ
(

log
q(z |x ;φ)

fX |Z (xi |z ; θ)fZ (z)
◦ g
)

(wj),

xi ∼ fX ,wj |x ∼ fW



Re-parameterization

Theorem: Change of variable

Let U,V ⊂ Rn be open sets and g : U → V be an invertible map
for which g , g−1 ∈ C 1. Then, for an absolutely integrable function,
f : V → R, ∫

V
f (x)dx =

∫
U
f ◦ g(y ′)Jyg(y ′)dy ′

provided that the Jacobian does not vanish on more than a set of
measure zero.



Re-parameterization

Corollary: Change of variable (expectation)

Let W ∈ Rn be a random variable and g : Rn → Rn be an
invertible map for which g , g−1 ∈ C 1. Let Z = g(W ). Then, for
any absolutely integrable function, h : Rn → R,

Ew∼fW (h ◦ g)(W ) = Ez∼fzh(Z )

where fZ (z ′) = (fW ◦ g−1)(z ′)Jzg
−1(z ′), provided that the

Jacobian does not vanish on more than a set of measure zero.



Re-parameterization

Consider a random variable, W ∈ Rm, and an invertible map,
gφ : Rm → Rm. Then, we want a model distribution:

q(z ′|x ;φ) = (fW ◦ g−1φ )(z ′)Jzg
−1
φ (z ′).

where

W ∼ fW (w)

Z = gφ(W )



Re-parameterization

Location-scale family

W ∼ N (w ; 0, I )

Z = µ+ Σ
1
2W

}
Z ∼ N (z ;µ,Σ)

Inverse cumulative distribution function

W ∼ U(0, 1)

Z = − 1

λ
log(1−W )

Z ∼ exp(λ)

Transformations

W ∼ N (z ;µ, σ2)

Z = exp(W )

}
Z ∼ N (log z ;µ, σ2)



Re-parameterization

Given q(z ′|x ;φ) = (fW ◦ g−1φ )(z ′)Jzg
−1
φ (z ′):

Ex∼f Ez|x∼q log
q(z |x ;φ)

fX |Z (x |z ; θ)fZ (z)

= Ex∼f Ez|x∼q log
(fW ◦ g−1φ )(z)Jzg

−1
φ (z)

fX |Z (x |z ; θ)fZ (z)

= Ex∼f Ew ′∼f log
fW (w ′)Jgφ(w)(g

−1
φ ◦ gφ)(w ′)

fX |Z (x |gφ(w ′); θ)(fZ ◦ gφ)(w ′)

= Ex∼f Ew ′∼f log
fW (w ′)

fX |Z (x |gφ(w ′); θ)(fZ ◦ gφ)(w ′)Jwgφ(w ′)



Re-parameterization

Now, we can move the gradient inside of both expectations for
gradient estimation:

∇φEx∼f Ew ′∼f log
fW (w ′)

fX |Z (x |gφ(w ′); θ)(fZ ◦ gφ)(w ′)Jwgφ(w ′)

= Ex∼fXEw ′∼f∇φ log
fW (w ′)

fX |Z (x |gφ(w ′); θ)(fZ ◦ gφ)(w ′)Jwgφ(w ′)

= −Ex∼fXEw ′∼f∇φ log
[
fX |Z (x |gφ(w ′); θ)(fZ ◦ gφ)(w ′)Jwgφ(w ′)

]
= − 1

NM

N∑
i=1

M∑
j=1

∇φ log
[
fX |Z (xi |gφ(wj); θ)(fZ ◦ gφ)(wj)Jwgφ(wj)

]
,

xi ∼ fX ,wj ∼ fW
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Non-linear models

We incorporate conditional dependence and deep non-linear
functions into the statistical model, q(z |x ;φ) = q(z ;φ(x ;ψ)),
through the parameters

φ(X ;ψ) = σ(br + Arσ(· · ·σ(b1 + A1X )))

ψ = {bi ,Ai |i = 1, . . . , r}

where σ : R→ R is a non-linear function applied element-wise.

We can do the same for fX |Z (x |z ; θ) = fX |Z (x ; θλ(z)):

θ(Z ;λ) = σ(cr + Drσ(· · ·σ(c1 + D1Z )))

λ = {ci ,Di |i = 1, . . . , r}



Non-linear models

Example: supervised learning

Given iid observations {(X1,Z1), . . . , (XN ,ZN)} and an
approximate distribution,

Z1|X1 ∼ N (z ;µ(X ;A1,A2, b1, b2), I )

µ(X1) = b2 + A2σ(b1 + A1X1)

the maximum likelihood estimate is

A1,A2, b1, b2 = arg min
A1,A2,b1,b2

1

2N

N∑
i=1

‖Zi − µ(X ;A1,A2, b1, b2)‖2
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Example

Variational inference objective

φ∗, θ∗ = arg min
φ,θ

−Ex∼fX ,w∼fW
[
log fX |Z (x ; θ)

+ log(fZ ◦ gφ)(w) + log Jwgφ(w)]

For an observed random variable
X ∈ Rn, consider a latent
variable model

X |Z ∼ N (x ;µ, γI )

Z ∼ N (z ; 0, I )

with Z ∈ Rm,

and an approximate inference
model, q,

Z |X ∼ N (z |ν,Σ)

Σ
1
2 = diag(σ)



Example

Variational inference objective

φ∗, θ∗ = arg min
φ,θ

−Ex∼fX ,w∼fW
[
log fX |Z (x ; θ)

+ log(fZ ◦ gφ)(w) + log Jwgφ(w)]

For an observed random variable
X ∈ Rn, consider a latent
variable model

X |Z ∼ N (x ;µ, γI )

Z ∼ N (z ; 0, I )

with Z ∈ Rm,

and an approximate inference
model, (fW ◦ g−1)(z)Jzg

−1(z),

W ∼ N (w ; 0, I )

g(W ) = ν + Σ
1
2W

Jwg(W ) = |Σ
1
2 | =

m∏
j=1

σj



Example

Variational inference objective

ν∗, σ∗, µ∗ = arg min
ν,σ,µ

−Ex∼fX ,w∼fW
[
log fX |Z (x ;µ)

+ log(fZ ◦ gν,σ)(w) + log Jwgν,σ(w)]

For an observed random variable
X ∈ Rn, consider a latent
variable model

X |Z ∼ N (x ;µ, γI )

Z ∼ N (z ; 0, I )

with Z ∈ Rm,

and an approximate inference
model, (fW ◦ g−1)(z)Jzg

−1(z),

W ∼ N (w ; 0, I )

g(W ) = ν + Σ
1
2W

Jwg(W ) = |Σ
1
2 | =

m∏
j=1

σj



Example

−Ex∼fX ,w∼fW
[
log fX |Z (x ;µ) + log(fZ ◦ gν,σ)(w) + log Jwgν,σ(w)

]
= −Ex∼fX ,w∼fW

log fX |Z (x ;µ) + log fZ (ν + Σ
1
2w) + log

m∏
j=1

σj


= Ex∼fX

Ew∼fW

[
1

2γ
‖x − µ‖2 +

1

2
‖ν + Σ

1
2w‖2

]
−

m∑
j=1

log σj

+ C

= Ex∼fX

 1

2γ
Ew∼fW ‖x − µ‖

2 +
1

2
‖ν‖2 +

1

2
‖σ‖2 −

m∑
j=1

log σj

+ C



Example

Variational inference objective

ν∗, σ∗, µ∗ = arg min
ν,σ,µ

−Ex∼fX ,w∼fW

[
1

2γ
Ew∼fW ‖x − µ‖

2

+
1

2
‖ν‖2 +

1

2
‖σ‖2 −

m∑
j=1

log σj





Example

Now, we can include non-linear statistical models, µ = µλ(z),
ν = νψ(x), and σ = σψ(x).

Variational inference objective

ψ∗, λ∗ = arg min
ψ,λ

Ex∼fX

[
1

2γ
Ew∼fW

∥∥∥∥x − µλ(νψ(x) + Σ
1
2
ψ(x)w

)∥∥∥∥2

+
1

2
‖νψ(x)‖2 +

1

2
‖σψ(x)‖2 −

m∑
j=1

log σψ,j(x)





Example

Finally, we can estimate gradients by finite sampling:

∇ψ,λEx∼fX

[
1

2γ
Ew∼fW

∥∥∥∥x − µλ(νψ(x) + Σ
1
2
ψ(x)w

)∥∥∥∥2

+
1

2
‖νψ(x)‖2 +

1

2
‖σψ(x)‖2 −

m∑
j=1

log σψ,j(x)


≈ 1

NM

N∑
i=1

M∑
i=1

∇ψ,λ

[
1

2γ

∥∥∥∥xi − µλ(νψ(xi ) + Σ
1
2
ψ(xi )wj

)∥∥∥∥2

+
1

2
‖νψ(xi )‖2 +

1

2
‖σψ(xi )‖2 −

m∑
j=1

log σψ,j(xi )





Example

MNIST data set

60, 000 training
examples of
handwritten digits

X ∈ R28×28, Z ∈ R10

Stochastic gradient
descent (Adam)
(αK = 0.005

1+K )

NVIDIA Quadro
M3000M (4GB)

TensorFlow Figure: t-distributed stochastic neighbor
embedding generated in TensorFlow
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Significance

How do I evaluate fX (x)? (likelihood)

fZ
(
Ez|x∼q [Z |X = x ]

)
How do I generate realizations of X? (sampling)

fX |Z (x |z ; θ), z ∼ fZ (z)

How do I generate realizations of X like xi? (characterizing)

fX |Z (x |Z = Ez|x∼q [Z |X = xi ] + δ; θ)
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Autoencoder formulation

arg min
φ,θ

Ex∼fXDKL(q(z |x ;φ)‖p(z |x ; θ)) +DKL(fX (x)‖p(x ; θ))

= arg min
φ,θ

Ex∼fX

[
DKL(q(z |x ;φ)‖p(x |z ; θ)p(z))

+ log p(x ; θ) + log
fX (x)

p(x ; θ)

]
= arg min

φ,θ
Ex∼fX [DKL(q(z |x ;φ)‖p(x |z ; θ)p(z)) + log fX (x)]

= arg min
φ,θ

Ex∼fXDKL(q(z |x ;φ)‖p(x |z ; θ)p(z))
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